ABSTRACT. We define the notion of a moment map and reduction in both generalized complex geometry and generalized Kähler geometry. As an application, we give very simple explicit constructions of bi-Hermitian structures on CP n , Hirzebruch surfaces, the blow up of CP 2 at arbitrarily many points, and other toric varieties, as well as complex Grassmannians.
INTRODUCTION
Generalized complex structures were introduced by N. Hitchin [H02] , and further developed by Gualtierie [Gua04] . It contains both symplectic and complex structures as extremal special cases, and provides a useful differential geometric context for understanding some recent development in string theory. An associated notion of generalized Kähler structure was introduced by Gualtieri [Gua04] , who shows that this notion is essentially equivalent to that of a bi-Hermitian structure, which was first discovered by physicists (see [GHR84] ) studying super-symmetric nonlinear σ-models.
The theory of bi-Hermitian geometry suffered from a lack of interesting examples. As stated in [AGG99] (see also [AGG05] ), an important open problem in this field was to determine whether or not there exist bi-Hermitian structures on CP 2 , a minimal ruled surface admitting an effective anti-canonical divisor, or a complex surface obtained from them by blowing up points along an effective anti-canonical divisor.
Using the deformation theorem he developed for generalized complex structure, Gualtieri proved [Gua04] that there exists a bi-Hermitian structure on CP 2 . More recently, Hitchin [H05] used the generalized Kähler geometric approach to give an explicit construction of a bi-Hermitian structure on CP 2 and also on CP 1 × CP 1 . For manifolds with symmetries, the related notions of moment maps and quotient are important in many geometries. It is an interesting question if there exist natural notions of moment maps and quotients in generalized complex and Kähler geometries. Some attempts have been made in this direction. In [Cr04] , Cranic proposed a definition of moment maps in generalized complex geometry. But it appears that the condition to make his definition work is rather restrictive. In [H05] Hitchin also presented a quotient construction in generalized Kähler geometry which works for certain interesting special cases. More recently, we have discovered that several other groups are independently working on related projects, including: Bursztyn, Cavalcanti, and Gualtieri; and Xu Ping.
In this paper, we define the notions of generalized moment map for a compact Lie group action on a generalized complex manifold. Using this definition we then define a generalized complex structure on the reduced space, which is natural up to transformation by an exact B-field, that is, the reduced space has a natural equivalence class of generalized complex structures in the sense specified in [H02] . Moreover, we show that the quotient structure has the same type as the original generalized complex structure. In the case that the generalized complex structure is derived from a symplectic structure, our definitions agree with the standard definitions of moment map and symplectic reduction. Compared with the definition of moment maps given in [Cr04] , our approach works in greater generality.
We then consider the compact Lie group action on a generalized Kähler manifolds; in this case, the generalized moment map is simply the generalized moment map for the first generalized complex structure. Finally, we define a natural generalized Kähler structure on the reduced space, and give formulas for the types of this structure. Again, in the case that the generalized Kähler structure is derived from a Kähler structure, this agrees with the usual Kähler reduction.
As an application, we give a very simple explicit construction of biHermitian structures on CP n , Hirzebruch surfaces, the blow up of CP 2 at arbitrarily many points, and other toric varieties, as well as complex Grassmannians. As shown in this paper, in practice our method will give one a powerful machinery of producing bi-Hermitian structures on any manifold which can be produced as the symplectic quotient of C N .
The plan of this paper is as follows. Section 2 shows that under reasonable assumptions the Courant bracket is preserved under restriction and quotient.
Section 3 defines generalized moment map for a compact Lie group acting on a generalized complex manifold, and constructs a generalized complex structure on the reduced space at every regular value.
Section 4 extends the results of Section 3 to the generalized Kähler case. We also discuss the connection between the hyper-Kähler quotient and the generalized Kähler quotient.
Section 5 presents the explicit constructions of bi-Hermitian structures.
THE COURANT BRACKET
Let V be a n dimensional vector space. There is a natural metric of type (n, n) on V ⊕ V * given by
Given a subspace F ⊂ V ⊕ V * , let F ⊥ ⊂ V ⊕ V * denote the perpendicular with respect to this metric. In contrast, if
Let M be a n dimensional manifold. There is a natural metric of type (n, n) on TM ⊕ T * M given by
which extends naturally to
denote the perpendicular of F with respect to the above metric. Moreover, let π :
We will now examine how the Courant bracket behaves under restriction and quotient.
Lemma 2.1. Let M be a manifold and let g * be the dual of a vector space g. Given a submersion f : M → g * , let df ⊂ TM ⊕ T * M denote the subbundle spanned by the differentials df ξ for ξ ∈ g. Then df ⊥ C is closed under the Courant bracket. Moreover, the restriction from Proof. Let X + α and Y + β be sections of df ⊥ C . Given any ξ ∈ g, by assumption ι X dfξ = ι Y df ξ = 0. Hence by Cartan's Formula
This proves the first claim. Finally, if Γ is closed under the Courant bracket, then Γ ∩ df ⊥ C is also closed. Since a straightforward check of the definition shows that map induced by restriction preserves the Courant bracket, the second claim is obvious.
Lemma 2.2. Let a compact Lie group G act freely on a manifold M, and let
C M denote the subbundle spanned by the fundamental vector fields ξ M for ξ is in the Lie algebra g of G. Then the set of G-invariant sections of (g M ) ⊥
C is also closed under the Courant bracket.
Moreover, the quotient map from M to M/G induces a natural map from the set of G-invariant sections of
C under this map is also closed under the Courant bracket.
C is also closed. Since a straightforward check of the defintion shows that the map induced by the quotient map preserves the Courant bracket, the second claim is obvious.
GENERALIZED COMPLEX STRUCTURES
A generalized complex structure on a vector space V is an orthogonal linear map J :
, there exists a unique generalized complex structure on V whose √ −1 eigenspace is L. Let J be a generalized complex structure on a vector space V and let W = V ⊕V * . If P ⊂ W is a J -invariant subspace, then since J is orthogonal there is a restriction map J : P ⊥ → P ⊥ . If P is also isotropic, let W = P ⊥ /P; there is a quotient map J : W → W. Clearly, J 2 = −1, J 2 = −1 and both
, let V be the quotient of (P ∩V * ) 0 ⊂ V by (P ∩V); the spaces W and V ⊕ V * are naturally isomorphic. Hence J naturally induces a generalized complex structure J on V.
The type of J is the codimension of π(L) in V C , where L is the √ −1 eigenspace of J . Recall that π : V C ⊕ V * C → V C is the natural projection.) The following lemma will help us compute types.
Lemma 3.1. Let J be a generalized complex structure on a vector space V, and
Lemma 3.2. Let J be a generalized complex structure on a vector space V. Consider a subspace Q ⊂ V so that J (Q) ⊂ V * and so that
Proof. Let L and L be the √ −1 eigenspaces of J and J , respectively; let
A generalized almost complex structure on a manifold M is an orthogonal bundle map J :
is closed under the Courant bracket. The type of J at m ∈ M is the type of the restricted generalized complex structure on T m M.
We now introduce several standard examples, as described in [Gua04] .
is a generalized complex structure of type 0; the
is a generalized complex structure of type n; the
is a generalized complex structure on M 1 × M 2 , and
d) Let B be a closed two-form on a manifold M, and consider the or-
where B is regarded as a skew-symmetric map from TM to T * M. This map preserves the Courant bracket (see [Gua04] .) As a simple consequence, if J is a generalized complex structure on M, then J ′ = e B J e −B is another generalized complex structure on M, called the B-transform of J . Moreover, the √ −1 eigenbundle of J ′ is e B (L), so J and J ′ have the same type. Finally, we say that J ′ is an exact B-transform if B is exact.
Definition 3.4. Let a compact Lie group G with Lie algebra g act on a manifold
• µ is equivariant. The generalized moment map µ is real if µ = µ. The action is Hamiltonian if a generalized moment moment map exists.
We are now ready to compute generalized moment maps for our basic examples in Example 3.3.
Example 3.5. a) Let G acts on a symplectic manifold (M, ω) and let Φ : M → g * be a moment map, that is Φ is equivariant and ι M ω = dΦ ξ for all ξ ∈ g. Then G also preserves J ω , and Φ is also a (real) generalized moment map for this action. b) If G acts on a complex manifold (M, J), preserving J, then G also preserves the associated generalized complex structure J J . However, the action is never Hamiltonian because π(L J ) contains no real vectors. c) If G acts on generalized complex manifolds (M 1 , J 1 ) and (M 2 , J 2 ) with generalized moment maps µ 1 and µ 2 , then the diagonal action of G on the product manifold M 1 × M 2 preserves the generalized complex structure J 1 × J 2 , and µ = µ 1 + µ 2 : M 1 × M 2 → g C is a generalized moment map for this action. d) Let G act on a generalized complex manifold (M, J ) with generalized moment map µ : M → g * C . Let B ∈ Ω 2 (M) be closed and invariant, and let Φ : M → g * be an equivariant map so that ι ξ M B = dΦ ξ for all ξ ∈ g. Then G also preserves the B-transform J ′ of J , and µ + √ −1 Φ is a generalized moment map for this action.
When the action is free, we can always perform an exact B-transform so that the generalized moment map is real.
Lemma 3.6. Let a compact Lie group G act freely on a generalized complex manifold (M, J ) with generalized moment map
is obtained using the natural pairing on g and g * .
Proof. Since θ and h are both equivariant, (θ, h) is invariant. Since B closed and invariant, J ′ an invariant generalized complex structure. Since θ is a connection and
The result now follows as in the example above.
As shown in the next lemma, we get the second condition in the definition of generalized moment map for free in the case of a torus action. Proof. Fix ξ and η in t. Since L is isotropic,
Since L is closed under Courant bracket, this implies that
Fix any orbit O of the torus action. Since L is isotropic, the fact that dι ξ M dµ η lies in L implies that it vanishes on O, and so ι ξ M dµ η is constant on O. Since O is compact, this implies that ι ξ M dµ η vanishes on O Hence, µ η is invariant under the subgroup generated by ξ, and so µ is T -invariant.
Let a compact Lie group G act on a generalized complex manifold (M, J ) with generalized moment map µ = f + √ −1 h, where f and h are real. Let O a be the co-adjoint orbit through a ∈ g * . Since f is equivariant, G acts on
consists of regular values of f and the generalized complex quotient
Proof. First, assume that a = 0. By restricting to a neighborhood of f −1 (0), we may assume that G acts freely, and that hence f is a submersion. By the definition of generalized moment map,
is also isotropic when restricted to f −1 (0). As in the discussion preceding Lemma 3.2, J naturally induces a G equivariant orthogonal map with square −1 on the G-invariant vector bundle
eigenbundles of J and J , respectively. By the definition of generalized complex structure, L is closed under the Courant bracket. By Lemma 2.1, the image of
The last statement is a direct consequence of Lemma 3.2. This proves the case a = 0. For a = 0, let ω be the Kirrilov-Kostant symplectic form on the co-adjoint orbit O −a and let J ω be the induced generalized complex structure. Then (O −a , J ω ) is a generalized complex manifold of type 0, and inclusion is a generalized moment map for the co-adjoint G action. Hence, (M×O −a , J × J ω ) is a generalized complex manifold, type(J × J ω ) (m,b) = type(J ) m , and µ a (x, v) = µ(x) − v is a generalized moment map for the diagonal action of G on M × O −a . Since it is easy to see that M a can be identified with µ −1 a (0)/G, the result follows from the case a = 0. We now find the generalized complex quotients for our basic examples from Example 3.3 and 3.5.
Example 3.9.
a) The generalized complex quotient of the Hamiltonian generalized complex manifold associated to a Hamiltonian symplectic manifold is the generalized complex manifold associated to the symplectic quotient. b) Since there is no generalized moment map in the complex case, there is no generalized complex quotient. c) As in the symplectic case, the generalized complex quotient for the diagonal action on the product of two generalized complex manifolds is not the product of the quotients. d) Let a compact Lie group G act on a generalized complex manifold (M, J ) with a real generalized moment map f : M → g * C . Let J ′ be the B-transform of J , where B ∈ Ω 2 (M) is closed, invariant and satisfies ι ξ M B = 0 for all ξ ∈ g. Then B descends to a closed twoform B on M a = f −1 (O a )/G for any regular a ∈ g * . The generalized complex structure J ′ for the generalized complex quotient of (M, J ′ , µ) at a is the B transform of the generalized complex quotient J of (M, J , µ) at a. Moreover, if B = dγ, where γ ∈ Ω 1 (M) is closed, invariant and satisfies ι ξ M γ for all ξ ∈ g, then then γ descends to a one-form γ on M a , so that d γ = B. Hence, in this case, J ′ is an exact B-transform of J .
Our first main result is now very easy to prove. 
Proof. By restricting to a neighborhood of f −1 (Ø a ), we may assume that G acts freely. Choose a connection θ ∈ Ω 1 (M, g), and let B = d(h, θ). Then by Lemma 3.6, the B-transform J ′ of J is an invariant generalized complex structure with real moment map f. Hence, by Lemma 3.8, J ′ descends to a natural generalized complex structure J on M a . If we choose a different connection θ ∈ Ω 1 (M, g) the resulting generalized complex structure J ′ is the dγ transform of J ′ , where γ = (θ ′ − θ, h). Since γ is invariant and ι ξ M γ = 0 for all ξ ∈ g, the resulting generalized complex quotient will be an exact B-transform of J . (See the last part of Example 3.9.)
GENERALIZED KÄHLER STRUCTURE
A generalized Kähler structure on a vector space V consists of an ordered pair (J 1 , J 2 ) of commuting generalized complex structures on V so that G = −J 1 J 2 : V ⊕ V * → V ⊕ V * is a positive definite metric, by which we mean that G 2 = 1, G is orthogonal, and G(w), w > 0 for all non-zero w ∈ V ⊕ V * . Note that the first two conditions are automatically satisfied.
We will need the following lemma:
Lemma 4.1. Let V be a vector space and let W = V ⊕ V * . Let G : W → W be a positive definite metric. Given an isotropic subspace P, define
The natural projection induces an isomorphism
Proof. For all non-zero w ∈ P, w, G(w) > 0. Therefore, G(P) ⊥ ∩ P = P ⊥ ∩ G(P) = {0}. Since P is isotropic, this implies that P ∩ G(P) = {0}, and hence dim( W) = dim W − 2 dim P. It also implies that the projection above is an injection; the result now follows by a dimension count.
Let (J 1 , J 2 ) be a generalized Kähler structure on a vector space V, and
is J 1 and J 2 invariant and so we can define the restrictions J i of J i to W = W ∩ P ⊥ ∩ G(P) ⊥ . Clearly, J 1 and J 2 are orthogonal and commute, J 2 1 = J 2 2 = −1, and G = − J 1 J 2 is a positive definite metric on W. If P is also isotropic, then under the isomorphism (4.1) the J i induce maps J i : W → W satisfying the analogous conditions. Moreover, if L i is the √ −1 eigenspace of J i , then L i ∩ W is the √ −1 eigenspace of J i , and the √ −1 eigenspace of J i is its image under the isomorphism (4.1). As in the previous section, if P = (P ∩ V) ⊕ (P ∩ V * ) then ( J 1 , J 2 ) is a natural generalized Kähler structure on V = (P ∩ V * ) 0 /(P ∩ V). It is easy to check that J 1 is the natural complex structure on V defined in the beginning of the previous section. Lemma 4.2. Let (J 1 , J 2 ) be a generalized Kähler structure on a vector space V.
and
Proof. The first claim was proved in Lemma 3.2. We now turn to the second claim. Let L 2 and L 2 denote the √ −1 eigenspaces of J 2 and J 2 respectively; let π : V C ⊕ V * C → V C and π : V C ⊕ V * C → V C be the natural projections.
Since P is J 1 invariant, G(P) = J 2 (P), so J 2 (P) ∩ P = {0}. Moreover, by assumption, π(P C ) = π(Q C ) and dim(P) = 2 dim(Q). Therefore, by
A generalized Kähler structure on a manifold M is a pair of commuting generalized complex structures J 1 and J 2 on M so that G = −J 1 J 2 is a positive definite metric on TM ⊕ T * M.
Again, we turn to [Gua04] for our basic examples.
Example 4.3. [Gua04] a) Let (ω, J) be a genuine Kähler structure on a manifold M, that is, a symplectic structure ω and a complex structure J which are compatible, which means that g = −ωJ is a Riemannian metric. By Example 3.3, ω and J induce generalized complex structures J ω and J J , respectively. Moreover, it is easy to see that J J and J ω commute, and that
) and (N, J N,1 , J N,2 ) be generalized Kähler manifolds, and define As before, let a compact Le group G act on a generalized Kähler manifold with generalized moment map µ = f + √ −1 h, where f and h are real. Let O a be the coadjoint orbit through a ∈ g * . If G acts freely on f −1 (O a ) then the generalized Kähler quotient 
We can now state our second main proposition:
Proposition 4.6. Let a compact connected Lie group G act on a generalized Kähler manifold
Moreover, let k be the Lie algebra of the stabilizer K of a, and let L 2 be the
Proof. As before, we begin by assuming that a = 0. By restricting to a neighborhood of f −1 (0), we may assume that G acts freely. By definition, G = −J 1 J 2 defines a connection θ ∈ Ω 1 (M, g * ) given by θ ξ = G(·,ξ M ) G(ξ M ,ξ M ) for all ξ ∈ g. By Lemma 3.6, after apply an exact B = d(h, θ) transform, we may assume that h = 0.
As in the proof of Proposition 3.8, by the definition of generalized moment map g M ⊕ df is a J 1 invariant subbundle, and
, and let J 1 and J 2 be the restriction of J 1 and J 2 to W. Let ( J 1 , J 2 ) be generalized almost Kähler structure on M 0 induced by J 1 and J 2 under the restriction to f −1 (0),
and the quotient map from f −1 (0) to M 0 .
In Lemma 3.8, we checked that J 1 is a generalized complex structure.
, and J 2 , respectively. Since J 2 is a generalized complex structure, L 2 is closed under the Courant bracket. Since G = −J 1 J 2 , and
Therefore, by Lemmas 2.1 and 2.2, L 2 is also closed under the Courant bracket. Moreover, since L 2 is the image of L 2 under the natural restriction and quotient maps, it is also closed under Courant bracket by the same lemmas. Therefore, ( J 1 , J 2 ) is a generalized Kähler structure.
The formulas on types follow directly from Lemma 4.2.
This proves the case a = 0. For a = 0, as in Lemma 3.8 let ω be the Kirrilov-Kostant symplectic form on O−a, and let J be the natural invariant complex structure which is compatible with ω. Let (J ω , J J ) be the induced generalized Kähler structure on O a ; it has type (0, 1 2 dim(O −a )) and inclusion is a generalized moment map for the co-adjoint G action on
for all m ∈ M, and µ a (x, v) = µ(x) − v is a generalized moment map for the diagonal action of G on M × O −a . Finally, it is easy to check that the intersection of g M×O−a with the projection of the
Since M a can be identified with µ −1 a (0)/G, the result follows from case that a = 0. Example 4.8. Let (M, g, I, J, K) be a hyper Kähler structure, and let ω I , ω J and ω K be the Kähler two forms that correspond to the complex structure I, J and K respectively. As shown in [Gua04] , we can construct a generalized Kähler structure (J 1 , J 2 ) as follows:
Suppose there is a S 1 action on M with the fundamental vector field X such that ι X ω I = dµ I , ι X ω J = dµ J , and ι X ω K = dµ K for some smooth functions µ I , µ K , and µ J . Set f = µ I − µ J . Then
Thus f+ √ −1 µ K is a generalized moment map for the circle action on the generalized Kähler manifold (M,
and let J ′ i be the B-transform of J i . Then (J ′ 1 , J 2 ) is a generalized Kähler structure which satisfies J ′ 1 df = X on the level set f −1 (0). Assume that S 1 acts freely on f −1 (0). Proposition 4.6 then asserts that there is a reduced generalized Kähler structure ( J 1 , J 2 ) on the quotient M 0 = f −1 (0)/S 1 .
Assume in addition that 0 is a regular value for the map
Then the hyper-Kähler quotient S := µ −1
Let ( J S 1 , J S 2 ) be the generalized Kähler structure on S induced by the quotient hyper-Kähler structure on S. Let L S i be the √ −1 eigenbundle of J S i , and let L i be the √ −1 eigenbundle of J i , i = 1, 2. Then we have that
The submanifolds of a generalized complex manifold is studied extensively in [BB03] . Using their terminology, we see that (S, J S i ) is exactly a generalized complex submanifold of (M 0 , J i ).
CONSTRUCTING BI-HERMITIAN STRUCTURES
In this section we are going to present a simple explicit constructions of bi-Hermitian structure on CP N , Hirzebruch surfaces, CP 2 blown up at an arbitrary number of points, and complex Grassmannians.
We will do this by constructing non-standard generalized Kähler structures on these spaces. Since each of these manifolds can be expressed as a symplectic quotient of C n , we start with the standard Kähler structure on C n . Using the deformation theory for generalized complex structures developed in [Gua04] , we deform this to another invariant generalized Kähler structure. These techniques are particularly easy and explicit in this very simple example; we do not need to resort to any global analysis. Then we use the quotient construction we developed in Section 4 to construct a generalized Kähler structure on the quotient space which is not the Btransform of a genuine Kähler structure, although in each case the first generalized complex structure is the one induced from the standard symplectic structure. By the connection between generalized Kähler structures and bi-Hermitian structures which was established by Gualtieri [Gua04] , and which we explain below, this induces a bi-Hermitian structure on each manifold. 5.1. Review. We begin with a brief review; all the material in this subsection, with the exception of material specifically attributed to other authors, was taken from [Gua04] . Given a generalized Kähler manifold (M, J 1 , J 2 ), let G = −J 1 J 2 be the associated positive definite metric. Recall that G 2 = 1, and let C + denote the +1 eigenspace of G. Since C + ⊂ TM ⊕ T * M is positive definite and T * M is isotropic, the natural projection π : C + → TM is an isomorphism. Therefore, ·, · descends to a Reimannian metric g on M. Since J 1 and J 2 commute with G, they both preserve C + . Therefore, J 1 and J 2 descend to almost complex structures J + and J − on M which are orthogonal (with respect to g). Combining Proposition 6.15 with Remarks 6.13 and 6.14 in [Gua04] Note that, in fact, if dim M = 4k, then either both J 1 and J 2 have odd type, or they both have even type. In contrast, if dim M = 4k + 2, then one must always have odd type whereas the other has even type; therefore, the second condition is empty.
Let J be a generalized complex structure on a vector space V. Let L ⊂ V C ⊕ V * C be the √ −1 eigenspace of J . Since L is maximal isotropic and L ∩ L = {0}, we can (and will) use the metric to identify L * with L.
Given ǫ ∈ ∧ 2 L * , define
Then L ǫ is maximal isotropic, and L ǫ ∩ L ǫ = {0} if and only if the endomorphism
If it is invertible, there exists a unique generalized complex structure J ǫ on V whose √ −1 eigenspace is L ǫ . Note that A ǫ is always invertible for ǫ sufficiently small. Now let (J 1 , J 2 ) be a generalized Kähler structure on V. Let L 1 and L 2 denote the √ −1 eigenspaces of J 1 and J 2 , respectively. Then
We are now ready to state the condition for L ǫ to be closed under the Courant bracket, as proved in [LWP97] , following the presentation in [Gua04] .
We begin with two definitions. Although both can be defined more generally for any Lie algebroid, we will only state them for the case which interests us. 
which is characterized by the following two formulas:
, and
an isotropic subbundle which is closed under the Courant bracket and let π : L → T C M denote the natural projection. The Lie algebroid derivative is a first order linear differential operator from
Example 5.5. Lf L is the √ −1 eigenspace of the generalized complex structure J J associated to a complex structure J, then d L is ∂.
We will need the following special case of the theorem from [LWP97] .
is closed under Courant bracket if and only if ǫ satisfies the Maurer-Cartan equation:
5.2. Examples. Now we are ready to turn to specific examples.
Example 5.7. Structures on C n We will begin by deforming the generalized Kähler structure (J ω , J J ) on C N which is induced by the standard genuine Kähler structure (ω, J).
(See Example 4.3). Note that while our ideas for deforming this structure are taken entirely from [Gua04] , and we use many of his observations, the deformation is much easier and more explicit in this very simple case than in general. In particular, while we use many observations from that paper, our construction does not rely on any of the deeper theorems.
Since
for any global sections Y and Z of T 1,0 (M)
If we restrict to any open bounded subset U of C n , then after multiplying ǫ by a sufficiently small positive number, A ǫ will be invertible. Thus ǫ deforms J J to a new generalized complex structure J ǫ on U while keeping J ω fixed. Moreover, π(L ǫ ) is spanned by T 1,0 C n , Y, and Z. Thus, type(J ǫ ) z = n − 2 wherever Y ∧ Z = 0, and n at every other point.
Finally, the following lemma gives a simple condition which guarantees that L ǫ is closed under the Courant bracket, and hence that (J ω , J ǫ ) is a generalized Kähler structure.
Lemma 5.8. Assume that there exists a subset I ⊂ (1, . . . , n) so that
If F ij is holomorphic and
Hence, by Theorem 5.6, the deformed generalized almost Kähler structure will be a generalized Kähler structure exactly if [ǫ, ǫ] = 0. This follows from the calculation below:
Similarly,
Suppose that a compact Lie group G acts on (C n , ω, J) with proper moment map Φ : C n → g * . Consider a ∈ g * so that G acts freely on
Assume that there exists a subset I ⊂ (1, . . . , n) so that
Moreover, assume that F ij is holomorphic and ∂F ij ∂z k = 0 for all i, j and k in I. Since O a is bounded, by multiplying ǫ by a sufficiently small constant we may assume that A ǫ is invertible on O a . Then, applying Lemma 5.8, (J ω , J ǫ ) is an invariant generalized Kähler structure with generalized moment map Φ. Hence, by Proposition 4.6, there is a natural generalized Kähler Structure ( J ω , J ǫ ) on the symplectic quotient M a . Moreover, J ω has type 0; in fact, it is the generalized complex structure associated to the usual symplectic structure on M a . Hence, condition (ii) of Proposition 5.2 is automatically satisfied. So, by Proposition 5.2, ( J ω , J ǫ ) will induce a bi-Hermitian structure on the reduced space as long as it is not the B-transform of a genuine Kähler structure. To check this, it is enough to check that type(
Since type(J ǫ ) z < N for generic z ∈ C n , by Proposition 4.6, it is enough to check that k C n ∩ π(L ǫ ) = {0} at generic points. In the case of N = 2, the above construction actually gives us a SU(2)-invariant bi-Hermitian structure. Note that the standard action of SU(2) on C 2 can be extended to C 3 by letting SU(2) act on the first component trivially. This SU(2) action commutes with the standard S 1 action on C 3 and therefore descends to a SU(2) action on CP 2 . Since both ω and ǫ are SU(2)-invariant, the deformed generalized Kähler pair (J ω , J ǫ ) is SU(2)-invariant as well. Since the SU(2) action on C 3 commutes with the standard S 1 action, we conclude that the quotient generalized Kähler structure must be SU(2)-invariant.
Example 5.10. Toric varieties
We will now construct bi-Hermitian structures on many, but not all, toric varieties, including all Hirzebruch surfaces and the blow up of CP 2 at arbitrarily many points.
Let an n dimensional torus T with Lie algebra t act on a compact symplectic manifold (M, ω) with moment map Ψ : : M → t * . Let ∆ ⊂ t * be the moment polytope. Let η 1 , . . . , η N ∈ t be the primitive outward normals to the facets of ∆. Define p : R N → t by p(e i ) = η i . Let K be the kernel of the associated map from (S 1 ) N to t. Let K act on C N via its inclusion into (S 1 ) N ; let Φ : C N → k * denote the resulting moment map. There exists some ξ ∈ k * so that K acts freely on Φ −1 (ξ) and M is equivariantly symplectomorphic to the reduced space
Of course, n i=1 z i,1 z i,1 is U(n) invariant. For the same reason, n i=1 z i,1 dz i,2 and n i=1 z i,1 dz i,3 are U(n) invariant. Therefore,
is also U(n) invariant. After multiplying ǫ by a sufficiently small positive constant A ǫ is invertible, so it deforms (J ω , J J ) to a new generalized almost Kähler structure (J ω , J ǫ ) so that type(J ǫ ) z = nm − 2 unless z i,1 = 0 for all i, in which case it is nm. By Lemma 5.8, (J ω , J ǫ ) is in fact a generalized Kähler structure.
Moreover, it is easy to see that g M ∩ L ǫ = {0}. Therefore, this gives rise to a bi-Hermitian structure on the Grassmannian.
